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Résumé

L’auteur a développé unmodele élargi pour
I’évaluation de I’incertitude-type combinnée (ITC) associée
a la résistance des TRPE étalonnés aux points fixes de
définition de I’EIT-90, en incluant toutes les grandeurs et
tous les paramétres qui sont connus a présent de contribuer
a ’ITC. L’utilisation du modele dans le sous-domaine de
I’EIT-90 allant de 273.15 K a 692.677 K est illustrée. Le
poids de la contribution de chaque incertitude élémentaire a
’ITC est éstimé. Des graphiques et des tableaux qui
synthétisent les résultats de 1’étude fournissent une base
solide pour identifier les grandeurs d’entrée dont les
incertitudes de mesure ont une contribution significative a
I’ITC.

Abstract

The author developed a comprehensive model to
evaluate the combined standard uncertainty (CSU) in the
calibration of SPRTs at the defining fixed points of the
ITS-90, by integrating all quantities and parameters
presently known to contribute to the CSU. The paper
illustrates the use of the model in the sub-range from
273.15 K to 692.677 K of the ITS-90. The weight of the
contribution of each elementary uncertainty to the CSU was
estimated. Charts and tables that summarise the results of
the study provide a solid base for the identification of those
input quantities whose uncertainties of measurement have a
significant contribution to the CSU.

Introduction

After the new Temperature Scale [1] was adopted in
1990, and especially after the publication in 1993 of the
Guide to the Expression of Uncertainty in Measurement [2],
important efforts of researchers in thermometry were
focused on evaluating the uncertainties of realization of the
Scale. This work was boosted by the increase of the number
of international comparisons aiming at evaluating the
equivalence among national standards: without indicating
the uncertainty associated with the results of measurements,
those results cannot be compared among them. Moreover,
the uncertainty evaluation methods should be consistent.

The studies published to date indicate that the highest
interest in that respect has been raised by the assessment of
the uncertainty associated with the calibration of an SPRT
in compliance with ITS-90. The present paper relates to one
[3] of those studies and proposes an enhanced model. The
powerful and versatile features of the new model are
illustrated by using it for the evaluation of the individual
impact of each input quantity on the combined standard
uncertainty, evaluated at fixed points and over the entire
sub-range from 273.15 K to 692.677 K.

The mathematical model

The model functions

The aim is to find the analytical expression of the
resistance of Standard Platinum Resistance Thermometers
(SPRTs) at the temperature of a defining fixed point of the
ITS-90 [1]. An essential feature of the model is that the
corrections applied to the result of the measurement of that
resistance are considered themselves measurands and the
model function integrates their expanded expressions in
(input) quantities that are known to determine their value.

Let Rrpy be the SPRT's resistance at the triple point of
water (TPW) and Ryp the SPRT's resistance at any other
fixed point (FP). The proposed model functions are then:

. dw,
Repw = R'tpyy +Crpy | K Rypyy dT% Tyo=(273.16K) (1)
and
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with dT_r n,, ©valuated by means of equation (9a) or (10a)
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in [1].
R’rpw and R’gp are the resistance of the SPRT at TPW
and at FP, respectively, with the corrections and correction



factors included to compensate the following systematic
effects involved in the resistance measurement:
e the self-heating effect;
e the temperature induced variation of the resistance of
the standard resistor;
e the drift of the resistance of the standard resistor since
its latest calibration;
e the non-linearity of the bridge, noise and so on.
Using the symbols:
R,/rpw — resistance of the standard resistor;
brpyw — coefficient of the drift of the resistance of the
standard resistor since its last calibration;
trpw— time of the calibration of SPRT at TPW;
ty— time of the calibration of the standard resistor (¢,= 0);
Ayrpw, Opw - temperature coefficient of the standard
resistor during the measurements using the currents I, and
I,, respectively;
To1tpws Thorpw — temperatures of the oil bath where is
maintained the standard resistor during the measurements
using the currents I; and I, respectively;
T, — calibration temperature of the standard resistor
(7,=293.15K);
rirew Varpw — ratios of the resistance measured using the
currents I; and I,, respectively;
rerews Tearpw — correction factors for the readings of the
bridge r; and r,, respectively;
11rpw, Lyrpw — measurement currents;
the expression of R 'zpy are:

Ry rpw [1+brpy (trpy —1)]
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and similarly for FP.

Crp and Crpy are the sum of the rest of corrections
that have to be applied to the measurement result to
compensate for:

o the effect of the hydrostatic pressure;

o the influences of the chemical impurities and of the
variation of the isotopic composition of water,
respectively;

o the effect of parasite heat fluxes (departure from thermal
equilibrium);

e the deviation of the pressure of gas in the fixed point
cell from the reference pressure [1].

Hence, the expressions of Crp and Crpy are:

Crp == App hpp +Crypp + Coypp = Bpp Sppp (4

Crpw == Arpw hgpw + Cryrpw + Coyrpw (5)

where:

App, Arpw — is the temperature variation with immersion
depth %, at FP and TPW, respectively;

hgp, hrpy— immersion depth;

Ciep, Crrpw - correction related to the influences of the
chemical impurities and to the variation of the isotopic
composition of water, respectively;

Cyrp, Corpw — corrections of the effects of the parasite heat
fluxes;

Brp - temperature variation of the FP with the deviation of
the pressure of the gas in the cell from the reference
pressure;

dprp— correction of the deviation of the pressure of the gas
in the cell from the reference pressure.

The model functions used to determine the
characteristics W=f(Tyg) of SPRTs, where
W(Ts0)=R(Te0)/R(273.16 K), are the interpolation equations
given in ITS-90:

W(Too) = W, (Tog) + AW(Toq) (6)

where W,(Ty) is a reference function and AW(Ty) is a
function with the coefficients calculated on the basis of
values of the SPRT resistance determined at the fixed
points.

The analytical expression of W(Tyy) at any temperature
within a particular sub-range of the ITS-90 will depend on
the ratios Wrp = Rpp/R1pw at the defining fixed points of the
ITS-90 in that sub-range and, eventually, on the input
quantities involved in the evaluation of the pairs Ryp and
Rzpy, determined at those fixed points.

The combined standard uncertainty (CSU)

As the calibration of an SPRT aims at determining its
characteristic W = f(Ty,), CSU of the resistances Rp are not
of interest. Nevertheless, CSU of Rzpy is useful for
checking the stability of the SPRT.

CSU of the ratio Wgp is required for the international
comparison of the national realizations of the ITS-90. It is
evaluated using the model function:

R
Wep = R £ @
PW

by replacing Rpp and Rypw with their expressions (1) and
).

Within the measurement sub-range of the SPRT, its W/
will be a function of all the input estimates x; of the ratios
Wip at the FPs specified in ITS-90 and of temperature:

W=f(xi, Top) ®)

The combined standard uncertainty associated with W
at any temperature 7Ty, is determined by the law of
propagation of uncertainty for correlated input quantities

[2]:
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where r(x; x;) are the correlation coefficients and Jf/0x; are
the sensitivity coefficients.
Several assumptions were used to handle the complex
issue of correlations among input quantities.
e R, b, aare quantities not associated with an “intrinsic”
uncertainty, but only with an “inherent” uncertainty
(they materialize the same value, regardless the

) u(x;) r(x;,x;)



measurement they refer to, at an unknown position
within the uncertainty range); the respective values
(e.g. prW], bTPWZ, ooy b]:p], b]:pz, ) are therefore flllly
correlated and all of them can be represented by the
same symbol (b, in this case), regardless the
measurement they refer to. Similar considerations
apply to Azpy.

e Due to the position of R, in the model function, its
contribution to the CSU vanishes.

e As the measurement at TPW is carried out
immediately after the measurement at FP, tmp = t7py
and the entire drift of the standard resistor can be
reduced in the expression of the model function.

o Tbj, ry, Tel, sz, Iy Tea [1, 12 have an “intrinsic”
uncertainty (they materialize potentially different
values at different measurements, within uncertainty
range). Therefore they will receive distinct notations
for each measurement, in order to avoid their reduction
in the symbolic manipulation phase of the process, and
no mutual correlation will be considered for them,
even if, occasionally, their estimates are equal.

o [I/TPW and IZ/TPW and, respectively, [1/]:]3 and [Z/FP are
correlated on technical grounds, and the correlation
coefficient is reasonably well approximated by 1.
These assumptions are valid in the case of CSU

evaluated for the W determined at any temperature within

the SPRT measurement range.

Model implementation and application
in the temperature sub-range
from 273.15 K to 692.677 K

The model was implemented by means of a dedicated
computer programme developed in a software environment
with symbolic processing facilities. That allowed for more
than 70 variables to be considered, with their respective
correlations. The resulting analytical expressions of the
sensitivity coefficients are much too large to be interpreted,
presented, or handled other way but by electronic means.
For quick reference, the model and its implementation were
labeled CAM (an acronym for Comprehensive Analytical
Model).

The application of the model is illustrated for the
temperature sub-range from 273.15 K to 692.677 K, as
most of the information available in the reference literature
[31, [4], [5], [6], [ 7], [8], [9] is for that sub-range.

According to ITS-90, the calibration of an SPRT in
this sub-range requires the measurement of its resistance at
the TPW (273.16 K) and at the FPs of Sn (505.078 K) and
Zn (692.677 K). The expression of the deviation function
is:

W(To) — Wy (Tog) = a [W(Toy) ~1] + [W(Toy) — 1] (10)

with the reference function W,(Tyy) defined by (10a) of [1].
The values of a and b in (10) are derived from the values
Wzn = W(692677 K) (Where Wzn = Rzn/Rpr) and Wsn
(where Ws, = Rs/Rrpy) determined by measurements
carried out in the following sequence: Rz, Rrpwi;, R
Rirpwo.

In Table 1 is presented the basic set of input data
(labeled TEST) used in this material to illustrate the model.
Values originate from NIM Bucharest research projects and
from reference literature.

Table 1. TEST input data

Quantity Estimate Uncertainty
Ry 9,999 947 Q) 3x10°Q

b -5.48x101°d" 1.92x10M°4d"!
a 16.36x 10°K!  6x10*°K!
Tbl/Zn S TbZ/Zn 293169 K 0007 K
Torrewi s Tozrewi 293.171 K 0.007 K
Tb]/sn S TbZ/Sn 293174 K 0007 K
Tortewz s Tozrews 293.175 K 0.007 K

1/zn 6.556 9162 15x 107

Fa/zn 6.556 947 4 15x 107
rPwi 2.552 5654 3x107
rorpwi 2.5525959 3x107

P1/sn 48312625 13x 107

T2/sn 4.831294 4 13x 107
T1/rew2 2.552 5656 3x107
ra/rpw2 2.552 5962 3x107

Tel/zns Ved/zns Yel/TPWIS 1.000 000 0 1x107
Ve2/tPwi s Vel/Sns Ve2/Sny

Ver/tPw2s Ve2/TPw2

[1/2,,,' [I/TPWI; [I/Sn N 1000 X 10_3 A 16 X 10_5 A
[I/TPWZ

Lyzos Lyrewn: Losa 1.414x 107 A 1.6x 10° A
IZ/TPWZ

Arpw -0.73x10°Km”’ 6x10°Km™
hTPWI; hTPW2 187 X 10_3 m 3 X 10_3 m
Az, 2.70x10°Km”’  6x10°Km’
hz, 195x 10°m 3x10°m
Agn 220x10°Km”’  6x10°Km’
hsy 192x 10°m 3x10°m
Currewi 7 Cyremws 0K 1x10*K
Ciim 0K 7x 104K
Ciisn 0K 5x 104K
Corewi 7 Corpmwz 0K 05x 10*K
Cozn 0K 2x10*K
Cossn 0K 2x 104K
By, 43x10%KPa!  6x10"K Pa’
Bs, 3.3x 108K Pa!  6x10"K Pa’
0Pz 0 Pa 100 Pa

OPsn 0 Pa 100 Pa

In Fig. 1, one can see a representation of the CSU at
any intermediate temperature, propagated from the
calibration uncertainties at the fixed points, as determined
with CAM and based on TEST input data in Table 1. Two
cases are presented: when all previously specified
correlations are considered (“CAM correlated” curve) and
when no correlation in considered (“CAM uncorrelated”
curve). The contribution of the correlation terms (especially
that between /; and /,) is proven to be significant (approx.
27% of u.(W) — CAM correlated, at 7, and T§,). On the
same chart there are drawn two curves determined with the
model presented in [3]: when the input data from [3] was
used (“[3]” curve) and when the input data from Table 1
was used (“[3] with TEST input data” curve); in this latest
case, maximum differences against the “CAM correlated”
curve are of 11% of u.(W) - CAM correlated, at 350 °C.
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Figure 1. Propagated combined standard uncertainties

It is worth highlighting that the model function in
CAM has other enhanced features as compared to the
model presented in [3], besides the inclusion of correlation
effects. Two additional input quantities are considered in
CAM: the correction for the influence of the parasite heat
fluxes and the correction for the deviation of the gas
pressure in the cell from the reference pressure. The impact
of the variances associated with the estimates of these
quantities on the CSU will be discussed further. The entire
analysis that follows was carried out on the TEST set of
input data.

The sensitivity analysis

The percentage ratio between the term [(0f/dx;)” u’(x;)]
in (9) and the combined variance u°. (W) will be termed in
this material “the weight of the contributory variance
(WCV) associated with the input estimate x; in the
combined variance u’.(W)”. In order to emphasize the
weight of the contribution of each group of correlated input
estimates, the denomination was extended to the ratio

2
m
between the term {zg—fiu(xi)} and 1’ (W), where m is the
i=1
number in a group of mutually correlated input estimates,
with unit correlation coefficients. For economy of notation,
the same symbol is used below for the input estimates and
for input quantities.

In Fig. 2 and Fig. 3 charts were drawn for the WCVs
associated with Rypy and, respectively, with Wy, and W,.
1,1, is a symbol used for the group of correlated quantities /;
and />.

In the Rypy case, dominates the WCV corresponding
to Cyrpw applied to the variation of the isotopic
composition of the water in the cell. In the Wy, and W,
cases, the major contribution corresponds to the influence
of the impurities present in the metal (C,/z, and Cjs,), but
the influence of C;,rpy is considerable here as well.

The WCV of Rs is almost 20% of the combined
variance associated with Rzpy. Increasing the calibration
accuracy of the standard resistor can reduce it. In W, and
Ws, cases, the influence of Rs is null.

The experimental variances associated with r; and
with r, characterizes the variability of the observed values;
their WCV are big, but they can not be diminished, as ’(r;)
and u’(r) reflect the random variations of the influence
quantities.
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Figure 2. Weights of the contributory variances
in the combined variance uZC(RTPW)

Significant are also the WCVs associated with the
estimates of:

° the correlated quantities /; and 7, and the correction
factor r. (determined by the technical performance of
the bridge);

e the corrections of the effects of the parasite heat fluxes
(departure from thermal equilibrium);

e the temperature of the standard resistor during
measurement.
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Figure 3.  Weights of the contributory variances
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The other input quantities have a small contribution to
the combined variance associated with the output estimate.

For eight input quantities, having the greatest
influence over W, the variation with temperature of their
contributory variances was illustrated in Fig. 4 and 5, and
the variation with temperature of their associated WCVs, in
Fig. 6 and 7.
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Figure 4. Contributory variances over temperature sub-range

400, joc

As the contributory variance at an intermediate
temperature derives from the propagation of the estimated
contributory variance at a FP, it reaches a peak value in the
neighborhood of the temperature of that FP and it is null at
the temperature of the other FP (Fig. 4 and Fig. 5). The list of values for the WCVs computed with CAM
on the basis of the TEST input data is presented in Table 2,
at the temperatures of the three defining fixed points of the
ITS-90 in the sub-range and at 350 °C. The corresponding

Figure 7. Weights of contributory variances over temperature
sub-range

Contributory | - - - ¢1 /sn . . . .
variance combined variances are listed in Table 3.
X102 Table 2. Weights of contributory variances at various
3.5«10"? AN temperatures
3x101t2 / \
2.5x 1012 , / \ Quantity Weight /% of contributory variance at :
251012 , A . trpw tsn tzn =350 °C
- 5x / / b 0.00 0.00 0.00 0.00
11022, e S a 0.00 0.00 0.00 0.00
5x1013 , / / N Arpw 0.00 0.09 0.11 0.21
- 1iLyrpw; 0.96 0.00 2.78 1.72
100 200 300 400 iz, 0.15 0.00 0.44 0.27
t/°C LiLyrpws 1.60 2.44 0.00 0.93
Fi 5. Contrib . b 111y, 0.49 0.75 0.00 0.29
gure S. Contributory variances over temperature sub-range Ty1 e 1.01 0.00 2.9] 1.79
Tyorpwi 0.25 0.00 0.73 0.45
50 r'irewi 1.06 0.00 3.06 1.89
- T T Ve1/TPWI 0.77 0.00 2.22 1.37
40 _ - = N\ V2rPwi 0.26 0.00 0.77 0.47
o\o \ —— Cl/Zn Ve2/TPWI 0.19 0.00 0.55 0.34
E 30 ___¢l/sn hrpwi 0.00 0.00 0.00 0.00
=) o ri/7n Ciiremr 3.05 0.00 8.82 5.44
g 20 Cyremr 0.76 0.00 2.21 1.36
- rl/Sn Tyrrpwz  1.68 2.56 0.00 0.98
10t T T N To2wrp2 0.42 0.64 0.00 0.24
n r'irew2 1.77 2.70 0.00 1.03
- ~ Ny Ve1/TPW2 1.28 1.96 0.00 0.75
100 200 300 400 t/°C r2/rPW2 0.44 0.68 0.00 0.26
7. 0.32 0.49 0.00 0.19
Figure 6. Weights of contributory variances hTZ;:V};WZ 0.00 0.00 0.00 0.00
over temperature sub-range Clirews 5.10 7.78 0.00 2.98
It is noteworthy that WCVs associated with the input %HPWZ iéz (1)(9)3 gg(l) (1);3
estimates specific for Ws, are larger at the temperature of sz/zn 0'25 0'00 0'73 O. 45
WTP than the similar ones for Wy, That is due to the ba/in 4'01 0'00 1'1 61 7'1 6
different positions of the temperatures of the two FPs "1z 0'77 0.00 2 2'2 1'37
lative to the limits of the sub-range we refer to (Fig. 6 and Felszn ' ' ’ '
TF? g Fam 1.00 0.00 2.90 1.79
ig. 7). Forzn 0.19 0.00 0.55 0.34

Az, 0.00 0.00 0.01 0.01




Table 2 (continued)

Quantity Weight /% of contributory variance at :

trpw tsn t, =350 °C

hz, 0.00 0.00 0.01 0.00
Ciim 17.40 0.00 50.33  31.02
Cozn 1.42 0.00 4.11 2.53
B, 0.00 0.00 0.00 0.00
Opzn 0.00 0.00 0.00 0.00
To1/5n 1.68 2.57 0.00 0.98
Ty2/sn 0.42 0.64 0.00 0.25
T'1/sn 9.28 14.16 0.00 5.42
Vel/Sn 1.28 1.96 0.00 0.75
¥'2/sn 2.32 3.54 0.00 1.35
Ve2/Sn 0.32 0.49 0.00 0.19
As, 0.02 0.02 0.00 0.01

hs, 0.00 0.01 0.00 0.00
Cissn 30.83 47.04 0.00 18.00
Cys 493 7.53 0.00 2.88
By, 0.00 0.00 0.00 0.00
OPsn 0.00 0.00 0.00 0.00
Table 3. The combined variance associated with W

trpw tsn t =350 °C

u’(W) 1.04688x107  7.3256x10™° 1.18934x10™"  5.55876x10™

Obviously, the WCVs strongly depend on the actual
values of the standard uncertainties associated with the
input estimates. The weight and importance of these
estimates can switch places when those uncertainties vary.
That is easily revealed by CAM, and an example is
presented in Fig. 8.

WCV(Cy/rpwi)

151077

Figure 8. Weights of contributory variances as functions
of standard uncertainties (¢ =350 °C)

Conclusions

The paper presented a comprehensive model for the
evaluation of the combined uncertainty involved in the
calibration of a SPRT according to the ITS-90.

The main features of the model were described, with
highlights on the thorough consideration of correlations
among input quantities. A brief comparison with results
previously reported in the literature revealed significant
impact of these correlations, as well as of the newly
introduced influence quantities.

Selected results were presented to illustrate the
capacity of the model to outline the input quantities that
have the greatest contribution to the combined standard
uncertainty. The model was proven as a resourceful tool,
useful in a more efficient and focused effort to monitor and
minimize the uncertainty of measurement results.
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